We study the Birman exact sequence for compact 3-manifolds.
Introduction
The mapping class group Mod(M ) of a manifold M is the group of isotopy equivalence classes of self-homeomorphisms of M . In [4] , Birman gave a relationship (now known as the 'Birman exact sequence') between the mapping class group of a manifold M and that of the same manifold with a finite number of points removed, focusing particularly on the case that M is a surface. When only one puncture is added, the result is as follows (definitions are given below). The aim of this paper is to prove the following analogue of this for compact 3-manifolds.
Theorem 4.8. If M is a compact, connected 3-manifold then there exist a finitely generated group K, a finite group J and a group L ≤ Z 3 such that there are exact sequences 1 → L → K → J → 1
Corollary 4.10. Let M be a compact, connected, orientable 3-manifold. Either there is an exact sequence
or M is a Seifert fibred manifold. In particular, if M is hyperbolic with finite volume then the exact sequence holds.
These results were proved in [3] by focusing on surfaces within 3-manifolds. Here we give alternative proofs using more algebraic methods suggested by Allen Hatcher.
I wish to also thank Steven Boyer for helpful conversations, particularly with regard to the proof of Lemma 4.2, and the anonymous referee who originally suggested this project.
2 Point-pushing in 3-manifolds Let M be a compact, connected 3-manifold. For a point p ∈ M , write M p = M \ {p}. We will use this notation throughout this paper.
We omit the proofs in this section as they are mostly elementary in nature. Full details can be found in [3] .
That is, H ρ is an ambient isotopy that takes the point p once along the path ρ. Define a homeomorphism
, and let ρ : [0, 1] → int(M ) be a path from p to p ′ . The isotopy class of φ ρ as a homeomorphism from M p to M p ′ is well-defined given the path ρ.
, and let ρ : [0, 1] → int(M ) be a path from p to p ′ . Then φ ρ is isotopic to the identity map on M . Lemma 2.6. Let p ∈ int(M ), and let ψ : (M, ∂M, p) → (M, ∂M, p) be a homeomorphism that is isotopic to the identity on M . Then there exists a simple closed curve ρ in int(M ) such that ψ is isotopic to φ ρ keeping p fixed.
Exact sequences and centres
Let M be a compact, connected 3-manifold, and fix a point p ∈ int(M ). 
There is an exact sequence of groups
Proof. The first map Φ : Corollary 2.4 shows that Ψ is surjective, and hence the sequence is exact at Mod(M ). By Corollary 2.3, im(Φ) ⊆ ker(Ψ). On the other hand, Lemma 2.6 gives that ker(Ψ) ⊆ im(Φ). Thus the sequence is also exact at Mod(M p ).
Remark 3.3. We will denote by Φ M the map Φ given in the proof of Proposition 3.2.
be an isotopy from the identity on M to itself that can be used to define
. By hypothesis, ρ ′ is nullhomotopic in ∂M . Let σ be an embedded path from p ′ to p. The isotopy H can be used to define a homotopy from between σ and ρ ′ · φ ρ (σ) · ρ −1 . Therefore, since φ ρ is the identity on M ,
Therefore ρ is null-homotopic.
be an isotopy from the identity on M to itself that can be used to define φ ρ . Then H can be used to define a homotopy between σ and ρ · φ ρ (σ) · ρ −1 . Since φ ρ is the identity on M , this means that σ ≃ ρ · σ · ρ −1 . Thus ρ commutes with every element of π 1 (M, p).
Remark 3.6. We will write Z M for Z(π 1 (M, p)).
Proof. Suppose M is a connected sum of M 1 and M 2 , neither of which is a 3-sphere. Then
and so ker(Φ M ) ∼ = 1. Assume, without loss of generality, that π 1 (M 1 ) ∼ = 1. This implies that M 1 has at least one boundary component that is a 2-sphere, and therefore so does M . In this case Lemma 3.4 shows that ker(Φ M ) ∼ = 1.
Lemma 3.8. Let M be a finite cover of M . If K ≤ Z M then there exist a finite group J, and a group L isomorphic to a subgroup of Z M , such that there is an exact sequence
Proof. Let ψ : M → M be the covering map, and set
Thus θ is injective. Therefore |K : L| ≤ |π 1 (M ) : ψ * (π 1 ( M ))|, which is finite.
4 Seifert fibred manifolds and the Birman exact sequence 
Proof. Using the relations, we can rewrite any word in the form a x b y t z for some x, y, z ∈ Z. Moreover, 
From this we see that if
Hence y = 0. Similarly 1 = bgb −1 g −1 = t −mx , and so x = 0. Therefore g = t z ∈ t .
Theorem 4.3 ([9] Theorem 1).
A closed, orientable, irreducible Seifert fibred 3-manifold with infinite fundamental group is finitely covered by an S 1 -bundle over a closed, orientable surface with genus at least 1.
Lemma 4.4. Let M be a compact, connected, orientable, irreducible 3-manifold. Suppose that M is Seifert fibred over an orientable base space, and that π 1 (M ) is infinite. Then M is finitely covered by a manifold M such that Z M is isomorphic to a subgroup of Z 3 .
Proof. Let N be the base space of the Seifert fibration of M . If N has genus x, y boundary components and z exceptional fibres then
for some m, m j , n j ∈ Z (see, for example, [11] VI.9). Note that t ∈ Z M , and
First suppose that y ≥ 1. Then
which has trivial centre provided 2x+z+y−1 ≥ 2. In these cases,
The remaining cases are as follows.
• y = 1, x = 0, z = 0, 1. Here M is a solid torus, and
• y = 2, x = z = 0. Here M is a thickened torus, and
Now supposed that y = 0, so M is closed. By Theorem 4.3, M is finitely covered by an S 1 -bundle M over a closed, orientable surface with genus at least 1. That is, M is Seifert fibred with no exceptional fibres over a closed surface N with genus x ≥ 1. Then
Theorem 4.1 says that this has trivial centre unless x = 1. Thus, if x > 1 then • If N ′ is non-separating then H 1 (M ) is infinite.
• If ∂M = ∅ then N ′ can be chosen to be non-separating.
• If M is closed and N ′ is separating then π 1 (M ) is a non-trivial free product with amalgamation. Therefore Theorem 4.5 applies, showing that M is Seifert fibred over an orientable base space N . We may now apply Lemma 4.4. Theorem 4.8. If M is a compact, connected 3-manifold then there exist a finitely generated group K, a finite group J and a group L ≤ Z 3 such that there are exact sequences
Proof. Proposition 3.2 shows that the second exact sequence holds if K ∼ = ker(Φ M ). We therefore aim to show that K = ker(Φ M ) meets the requirements of the first exact sequence. If π 1 (M ) is finite then we may take K = J = ker(Φ M ) and L ∼ = 1. Assume instead that π 1 (M ) is infinite. If ker(Φ M ) ∼ = 1 then Theorem 4.8 is immediate. We therefore suppose otherwise. By Lemma 3.5 it follows that Z M ≇ 1. From Lemma 3.4 we see that M has no spherical boundary components. Furthermore, Corollary 3.7 shows that M is prime.
We aim to show that M is finitely covered by a manifold M such that Z M is isomorphic to a subgroup of Z 3 . As ker(Φ M ) ≤ Z M , Theorem 4.8 will then follow by Lemma 3.8. Given this, we may make the further assumption that M is orientable. If M is not irreducible then M ∼ = S 2 × S 1 (see, for example, [10] Lemma 3.3), and ker(Φ M ) ≤ π 1 (M, p) ∼ = Z. Therefore we may now assume that M is irreducible. It follows that M is aspherical.
If M has boundary then M is Haken (see [11] III.10, for example). On the other hand, if M is closed then Theorem 4.7 gives that M is finitely covered by a Haken manifold. Hence we may assume M is Haken. The proof is completed by applying Proposition 4.6. From the proof of Theorem 4.8 we see that M has no spherical boundary components, and is prime. If M is not irreducible it is S 2 × S 1 , which is Seifert fibred. Assume that M is irreducible.
Let ρ be a non-trivial element of ker(Φ M ). Since ρ ∈ Z M , the cyclic subgroup of π 1 (M ) generated by ρ is normal in π 1 (M ). Thus Theorem 4.9 applies, showing that M is Seifert fibred.
